K ℓ3 decays constitute, at present, the golden modes to extract |Vus| from experimental data. Its incertitude is dominated by the theoretical error in the determination of the vector form factor at zero transfer of momentum. I review the most relevant analytical approaches for the calculation of this parameter.
I. INTRODUCTION
Semileptonic kaon decays have the potential to provide information on the V us CKM matrix element. In principle K ℓ2 decays offer the most simple setting, but the fact that these are driven by the axial-vector QCD current, hence the kaon decay constant, diminish their capability : F K is not given by symmetry and has to be input from theory, e.g. lattice. Something analogous happens in K ℓ3 processes where another parameter guided by strong interactions, i.e. the vector form factor at zero transfer of momentum, has to be determined. However several fortunate features happen together in the later decays that convert them in an excellent system to extract information on |V us | : i) Only the QCD vector current contributes to K ℓ3 decays. Due to the conservation of this current in the SU (N ) F limit (CVC), the normalization at zero transfer of momentum is known in this limit; ii) Corrections to the above result only start at second order in the symmetry breaking parameter, i.e. O (m s − m d ) 2 for three flavours [1] .
The form factors of the vector current in K ℓ3 decays are defined by :
(t) are known as the vector and scalar form factors, respectively. The fact that f
(0) allows us to write
.. , and then factorize f K 0 π − + (0) in the partial width as : where ∆ SU (2) and ∆ EM embody isospin breaking effects of strong and electromagnetic origin, respectively [2] . As can be seen from Eq. (2), the determination of |V us | from K ℓ3 decays relies essentially in our ability to ascertain an accurate value for f
We have some basic model-independent knowledge on f
In the SU (3) limit, CVC establishes that f
Moreover, a known sum rule [3] asserts that f K 0 π − + (0) < 1 and, consequently, flavour breaking corrections given by the Ademollo-Gatto theorem [1] should be negative. Given this setting our goal in order to provide a close determination of f
is to evaluate SU (3) breaking corrections to K ℓ3 decays. The appropriate framework to perform this task is Chiral Perturbation Theory (χPT) [4, 5] .
SU (3) breaking contributions span the deviation of f
where f p n is of O(p n ) in the chiral expansion. The O(p 4 ) correction amounts to a pure one-loop calculation (there is no local contribution from counterterms) and then it is essentially free from uncertainties, giving f p 4 = −0.0227 [6, 7] . At O(p 6 ) the situation is more complex. The first estimate was obtained by relating f
(0) to the matrix element of the vector charge between a kaon and a pion in the infinite-momentum limit [6] . This procedure understates chiral log contributions and gives :
that essentially coincides with the result provided by the light-front quark model [8] . Within χPT all kind of possible contributions appear [9, 10] :
Loop terms can be evaluated with small uncertainty [10] obtaining :
while the tree-level part is, a priori, unknown and can be expressed in terms of chiral low-energy couplings (LECs) of the chiral Lagrangian both at O(p 4 ) [11] and O(p 6 ) [12] :
where F π = 92.4 MeV is the pion decay constant. While the L i couplings are rather well known both from direct phenomenology [13] and on more theoretical grounds [14] , our knowledge on the O(p 6 ) C i LECs is still rather poor. As a consequence it is difficult to provide a determination for the O(p 6 ) contribution to f
. In Ref. [12] the authors did combine their loop evaluation together with the Leutwyler & Roos (LR) result f LR p 6 in Eq. (4), assuming that the later stands for the C i contribution. As suggested in Ref. [15] it is more natural to presume that f LR p 6 indicates the full tree contribution f tree p 6 . This would give :
Several strategies to determine f p 6 have been developed : on one side lattice quenched and unquenched evaluations are now at hand [16] , on the other there are theoretical tools that may provide a determination of the unknown LECs. The latter are usually encoded as analytical evaluations and will be considered in the following.
III. LECS FROM THE SCALAR Kπ FORM FACTOR
The O(p 6 ) determination of the K ℓ3 form factors shows that the scalar form factor in Eq. (1) depends on the same O(p 6 ) LECs than f tree p 6 [10, 17] . It can be written as :
where
and O(p 6 ) and its only dependence in LECs involves L i at O(p 6 ). Moreover ∆(0) = 0. Hence it is possible to extract the C i LECs from data if a good knowledge on the slope and curvature of the scalar form factor is available :
This procedure has been addressed in Ref. [17] . The Kπ scalar form factor was reconstructed from a coupledchannel dispersion relation analysis from Kπ scattering data [18] and then employed to obtain information on the LECs using Eq. (10) above. By adding f tree p 6 (M ρ ) to the chiral logs they obtain :
where most of the error arises from the determination of the C i LECs. This tiny value comes from an almost complete cancellation between the loop and tree contributions.
The determination of the Kπ scalar form factor from Kπ scattering data shows that, in order to solve the coupled channel dispersion relations, two integration constants are required. The authors of Ref. [18] have input f
. Accordingly their evaluation can be viewed more as a consistency check of the fact that f
(0) than a pure determination of the C i LECs.
IV. LECS FROM RESONANCE SATURATION
A systematic procedure to account for the resonance contributions to chiral LECs involves the construction of a Lagrangian theory in terms of SU (3) (pseudoGoldstone mesons) and U (3) (heavier resonances) flavour multiplets as active degrees of freedom. This is called Resonance Chiral Theory (RχT). The method was applied in Ref. [14] to evaluate the resonance contributions to O(p 4 ) chiral LECs and has recently been extended [19] to look upon the O(p 6 ) LECs. The scheme relies in two key premises : i) The most general possible Lagrangian, including all terms consistent with assumed symmetry principles provides the most general possible S-matrix amplitude consistent with analyticity, perturbative unitarity, cluster decomposition and the specified principles of symmetry [4] ; ii) It has been suggested that large-N C QCD, embodied in an effective local Lagrangian for the study of meson dynamics, shows features that resemble, both qualitatively and quantitatively, the N C = 3 case [20] .
The procedure that has been devised amounts to construct the Lagrangian theory by imposing the chiral symmetry constraints on the pseudo-Goldstone mesons and unitary symmetry on the resonance fields. This guarantees the proper chiral limit. In addition short-distance dynamics is enforced on the couplings of the theory by demanding either the appropriate asymptotic behaviour for Green functions that are order parameters of the chiral symmetry breaking or the high-energy smoothing of form factors of QCD currents [21, 22] .
It is well known that the phenomenological value of O(p 4 ) LECs is saturated by the lightest spectrum not included in χPT, i.e. resonances. This result seems to persist at one-loop in RχT [23] . An analogous result for the O(p 6 ) LECs has still not been reached though there is no hint that indicates it could happen otherwise : resonance saturation seems to be an underlying property stemming from non-perturbative QCD.
The analysis, along the lines outlined above, of the SP P Green function give us the following contributions of scalar and pseudoscalar resonances to the relevant LECs in Eq. (7) [15] :
where M S (M P ) is the mass of the lightest multiplet of scalar (pseudoscalar) resonances. Substituting these values into f tree p 6
in Eq. (7) we get :
As can be seen in Figure 1 there is an almost complete cancellation between the two different counterterm contributions. This is a fortunate feature because the resulting dependence in the scalar resonance mass happens to be tiny. For M P = 1.3 GeV and adding the chiral logs we get 1 :
Notice that the sign of the central value is opposite to previous predictions above. However this is not significant because, as in f
, the result is compatible with zero.
V. COMPARISON
Lattice results, both quenched [24] or unquenched [16, 25] are available. In Table I we compare these with the results from analytical determinations reviewed above. Two trends are easily revealed : i) Lattice results, both quenched and unquenched, are in excellent agreement with the result by LR; ii) Analytical determinations driven by chiral logs and evaluations of the O(p 6 ) chiral LECs show a clear tension with the lattice ones, namely when LECs are determined by resonance saturation.
The LR prediction plays down O(p 6 ) chiral logs hence it may be an accurate prescription as long as these are not important. However the chiral determination (5) shows 
as a function of MS for MP = 1.3 GeV (solid line). We also plot the two components: the dashed line represents the term proportional to L5 × L5, while the dotted line represents the term proportional to −(C12 + C34). 
Reference f [6] 0.961(8) Lattice (quenched) [24] 0.960(9) Lattice (unquenched) [25] 0.968(11) Lattice (unquenched) [16] 0.961(5) χ-logs + LR (χLR) [10] 0.971(9) χ-logs + f tree p 6
[Kπ scalar f.f.] [17] 0.974(11) χ-logs + f tree p 6 [resonance saturation] [15] 0.984 (12) that part of them are indeed large and positive, hence the addition of chiral logs and LR produces a cancellation that manifests in the χ LR result of There is also a point to be understood with the lattice analyses. The latter unquenched result [16] agrees fully with the quenched determination from Ref. [24] . This could be expected if chiral logs were definitely small but Eq. (5) shows that this is not the case. The unquenched determination could miss the curvature provided by the chiral logs in the necessary extrapolation performed to reach the physical values of the masses and then its tiny error should be indeed larger. Finally there is another recourse. Lattice evaluations determine ∆f = f
e. they cover all chiral SU (3) symmetry breaking corrections except the first one. Though it would be most rare, if chiral corrections higher than O(p 6 ) were large these could bring an explanation to the discrepancy between the chiral and lattice results. However at present there is no expectation for an estimate of chiral O(p 8 ) contributions. Determinations of |V us | from K ℓ3 using the values of f Table I could also have a say to discern in the discussion just sketched. Taking into account the later published value f [26] , the LR value gives |V us | = 0.2252 (19) , χ LR lowers it to |V us | = 0.2229(21) while resonance saturation brings it down to |V us | = 0.2199 (27) . All of them are away from the value obtained by the unitarity constraint |V unitarity us | = 0.2275 (12) [27] though, within errors, the latter is compatible with the LR evaluation.
VI. OUTLOOK
The study of f
is an all-important key to obtain an accurate value of |V us | from K ℓ3 decays. Driven by SU (3) breaking contributions its determination is, however, tampered by the non-perturbative nature of these corrections. As we have seen, and though the errors are still large, there is essentially no agreement between lattice evaluations and LR on one side, and chiral evaluations on the other. Several points need to be asserted on the O(p 6 ) contributions : i) The size of the chiral logs has to be confirmed. If they stand as at present then unquenched lattice results should revise their extrapolation and error estimate. In addition the LR prediction should also be amended; ii) Local contributions have also to be analysed. Though all LEC determinations agree that their contribution is tiny, this conclusion is at odds with the LR evaluation.
In conclusion more work is needed in order to disentangle the O(p 6 ) contributions to f K 0 π − + (0) . A check of the size of the chiral logs would be very much welcome and, moreover, whether there is a failure of the resonance saturation hypothesis, employed in the determination of O(p 6 ) chiral LECs, or of the other models appointed to evaluate these local contributions, the situation deserves closer attention.
